RELAXATION AND 3D-2D PASSAGE THEOREMS IN 
HYPERELASTICITY 



OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA 



Abstract. We give an overview of relaxation and 3d-2d passage theorems in 
hyperelasticity in the framework of the multidimensional calculus of variations. 
Some open questions are addressed. This paper, which is an expanded version 
of the outline-paper AHM09b , comes as a companion to AHM09a . 
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1. Introduction 

These notes are concerned with the problems of relaxation and 3d-2d passage under 
determinant type constraints naturally related to hyperelasticity in the framework 
of the multidimensional calculus of variations. Our goal is, on the one hand, to give 
an overview of our works (see |AHM06| IAHM071 IAHM08a| IAHM08bj ) concerning 
these two problems, and, on the other hand, to highlight the fact that the Dacorogna 
relaxation theorem (proved in 1982, see Theorem l2.3[) and the Le Dret-Raoul 3d-2d 
passage theorem (proved in 1993, see Theorem l3.4l) can be extented to theorems (see 

Key words and phrases. Calculus of variations, integral representation, relaxation, 3d-2d pas- 
sage, r(7r)-convergence, determinant type constraints, hyperelasticity. 
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Theorems 12.61 and I3.8|) which are consistent (almost consistent for the relaxation 
problem) with the setting of hypcrclasticity, whose the two basic conditions are: 

(i) the noninterpenetration of the matter and 

(ii) the necessity of an infinite amount of energy to compress a finite volume of 
matter into zero volume. 

Despite the restriction on the polynomial growth of the energy density which is not 
compatible with (i) and (ii), the Dacorogna theorem provides the model of nonlinear 
relaxation theorems related to hyperelasticity. In Section 2, we show that this model 
theorem can be improved by introducing the class of ample energy densities, i.e., 
"energy densities having a quasiconvexification which is of polynomial growth" , see 
Definition 12.91 and Theorems 12.61 and 12.101 and we make clear the fact that the 
ample energy densities are consistent with (ii) (see §2.6). Similarly, in spite of the 
polynomial growth hypothesis on the energy density, the Le Dret-Raoult theorem 
provides the model of nonlinear dimension reduction theorems in hyperelasticity. In 
Section 3, we show that this theorem can be extended to the setting of ample energy 
densities (see Theorem I3.5j) as well as to the setting of hyperelasticity, i.e., to the 
case of energy densities which are compatible with (i) and (ii) (see Theorem 13. 8p . 
This latter theorem gives an answer to the 3d-2d passage problem in hyperelasticity 
in the same spirit as the works of Ball (see }Bal77j ). Acerbi-Buttazzo-Percivale (see 
ABP91]) and Friesecke-James-Miiller (see [F JM02| ) . It is the result of several 
works: mainly, the attempt of Percivale in 1991 (see }Per91j ). the papers of Le Dret 
and Raoult (see [LDR931 ILDR95] ) and the thesis of Ben Bel gacem (see [BB961, see 
also [BB971IBB00] '). 

2. Relaxation theorems with determinant type constraints 

2.1. Statement of the problem. Let m, N g N (with min{m, N} > 1), let p > 1 

and let W : M mxN —> [0, +oo] be Borel measurable and p-coercive, i.e., 

3C > VF e M mxN W(F) > C\F\ P , 

where M mxN denotes the space of real m x N matrices. Define the functional 
I : W^ p (n- R m ) -> [0, +oo] by 

I{4>) := [ W{V<j>(x))dx, 
Jn 

where il C l w is a bounded open set, and consider 7 : W rllP (f2;R m ) [0,+oo] 
(the relaxed functional of I) given by 

:= inf \ liminf !(</>„) : 4> n ^> <t> \ ■ 

I n— >-\-oo I 

Denote the quasiconvex envelope of W by QW : M mxN -> [0, +oo]. The problem 
of the relaxation is the following. 

Problem 2.1. Prove (or disprove) that 

V^e W rl ' p (0;M m ) 7{<t>)= I QW{V(f){x))dx 

Jn 

and find a representation formula for QW . 
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At the begining of the eighties, in |Dac82| Dacorogna answered to Problem 12.11 
in the case where W is "finite and without singularities" (see §2.2). Recently, 
in [AHM07I IAHM085] we extended the Dacorogna theorem as Theorem 12.41 and 
Theorem l2.6l fsee §2.3 and §2.4) and we showed that these theorems can be used to 
deal with Problem l2 . 1 l under the "weak-Determinant Constraint" , i.e., when m = N 
and W : M. NxN — > [0, +oo] is compatible with the following two conditions: 

W(F) = +oo <^=> — S < detF < with 6 > (possibly very large) 
W(F) -> +oo as detF -> 0+ 

(see §2.6). However, an answer to Problem 12.11 under the "strong-Determinant 
Constraint", i.e., when m = N and W : M. NxN — > [0, +oo] is compatible with the 
two basic conditions of hyperelasticity: 

W{F) = +oo <^=> detF < (non-interpenetration of matter) 



(1) 



(2) 



necessity of an infinite amount 
W(F) +oo as detF — > + I of energy to compress a finite 



volume into zero volume 



is still unknown (see §2.7). 



2.2. Representation of QW and /: finite case. Let Z^W^ZW 
[0, +oo] be respectively defined by: 

♦ Z 00 M/(F) := inf if W(F + V^{y))dy : <p € <^(y ; R m )|; 

♦ ZW{F) := inf | J W(F + \7ip{y))dy : ip e Aff (r; R" 



ixN 



where Y :=]0,1[ N , Wq'°°(Y; R m ) := {<p G VK^°°(y;R m ) : <p = on dY} and 
Aff (y ; R m ) := {ip e AS(Y;R m ) : (p = on dY} with AS(Y;R m ) denoting the 
space of continuous piecewise affine functions from Y to R m . 

Remark 2.1. One always has W > ZW > Z^W > QW. 

Theorem 2.2 (Representation of QW jDac82] ). IfW is continuous and finite then 

QW = ZW = ZooW. 
Theorem 2.3 (Integral representation of I |Dac82j ). IfW is continuous and 
3c>0 VFe M mxN W(F) < c(l + \F\ P ) 

then 

V0 € W 1,p (fl; R m ) 7(0)= / QW(Vcj)(x))dx. 



2.3. Representation of QW: non-finite case. Theorem l2.2l can be extended as 
follows. 

Theorem 2.4 C |AHM07l lA"HM08b| ) . 

(i) If Z X W is finite then QW = Z 00 W. 

(ii) If ZW is finite then QW = ZW = Z^W . 

Proof. We need (the two last assertions, the first one being used at the end of 
§2.4, of) the following result. 

Lemma 2.5 ( [Fon88| ). 

(a) If ZooW (resp. ZW) is finite then Z^W (resp. ZW) is rank-one convex. 
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(b) If ZooW (resp. ZW) is finite then ZooW (resp. ZW ) is continuous. 

(c) Z^ < ZZooW and ZZW = ZW. 

One always has W > ZW > Z^W > QW. Hence: 
(j) QZooW = QW < Z^W; 
(jj) QZW = QZ^W = QW. 

(i) If ZooW is finite then Z^W is continuous by Lemma l2~5T b). From Theorem l2.2l 
it follows that QZooW = ZZooW . But ZooW < ZZooW by Lemma [2T5l fc). and so 
QW = ZooW by using (j). 

(ii) If ZW is finite then also is ZooW . Hence QW — Z^W by the previous 
reasoning. On the other hand, ZW is continuous by Lemma l2.5f b). From Theorem 
[2721 it follows that QZW = ZZW. But ZZW = ZW by Lemma H/J^c), and so 
QW = ZW by using (jj). ■ 

Question 2.1. Prove (or disprove) that if Z^W is finite, also is ZW . 

2.4. Representation of /: non-finite case. Theorem 12.31 can be extended as 
follows. 

Theorem 2.6 C |AHM07l lAHM08b| ) . 

(i) If3c> VF G M mxN ZooW(F) < c(l + \F\ P ) then 

V0 € W 1 ' p (fl;M m ) 7(0)= f QW{\7<j){x))dx. 

Jn 

(ii) // 3c> VF G M mxN ZW(F) < c(l + \F\*>) then 

V0 G W^(Sl;R m ) 7(0) = 7 aff (0) - / QW(Vcj){x))dx 
with 7 aff : W^iVL-M™) -> [0, +oo] denned 6y 

7 aff (0) := inf (liminf J(0„) : Aff(r!;K m ) 3 0„ K X . 

Proof, (i) Let Z 00 I,Zo7T,Zool llS : M m ) -> [0, +oo] be respectively defined 

by: 

« Zool{& := / ZaDW(V0(a))da;; 

4 ZooI{4>) ■= inf < liminf Zoo 7 (0„) : n ^» >; 

♦ Z7 o 7 aff (0) := inf (liminf 200/(0,0 : Aff(fi;R m ) 3 0„ % A . 

Since ZooW is of p-polynomial growth, i.e., 3c > VF G M mxN Z 00 W{F) < 
c(l + l-F'l' 3 ), it follows that ZooW is (finite and so) continuous by Lemma [2.5f b). 
By Theorem 12.31 we deduce that 

V0 G W 1,p (f2;M TO ) Z~ J{<j>) = [ QZooW{V^{x))dx. 

Jo. 

But one always has QZooW = QPF, hence 

V0G W 1,p (n;R m ) Zo77(0) = / QW(V0(a;))da;. 

Jo 
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Thus, it suffices to prove that / < Z^I (the reverse inequality being trivially true). 
The key point of the proof is that we can establish (by using the Vitali covering 
theorem and without assuming that Z^W is of p-polynomial growth) the following 
lemma (whose proof is given in §2.8.1). 

Lemma 2.7. / < Z^I^g. 

On the other hand, as ZooW is of p-polynomial growth and Aff(0; M TO ) is strongly 
dense in W 1,p (fi;]R m ), it is easy to see that Z^I^g = Z^I, and the result follows. 



(ii) Let ZI, Zool, Zochs ■ W^ p {n;M. m ) -> [0,+co] be respectively defined by: 



As ZW is of p-polynomial growth and (so) continuous (by Lemma I2.5f b)). from 
Theorem 12.31 fand since QZW = QW is always true) we deduce that 



It is then sufficient to prove that 7 a ff < ZI (the inequalities / < I a s and ZI < I 
being trivially true) . As above, the key point of the proof is that we can establish 
(by using the Vitali covering theorem and without assuming that ZW is of p- 
polynomial growth) the following lemma (whose proof is given in §2.8.1). 

Lemma 2.8. I a g < ZI & >$. 

On the other hand, as ZW is of p-polynomial growth and Aff(f2;R m ) is strongly 
dense in W 1,v (Sl] R m ), it is clear that ZI a g = ZI, and the result follows. ■ 

We see here that the integrands W for which Z X W or ZW is of p-polynomial 
have a "nice" behavior with respect to Problem 12. II So, it could be interesting to 
introduce a new class of integrands (that we will call the class of p-ample integrands) 
as follows. 

Definition 2.9. We say that W is p-ample if and only if Z^W is of p-polynomial 
growth, i.e., 3c> VF e M mxN Z^WiF) < c(l + \F\ P ). 

We use the term "p-ample" because of some analogies with the concept (developed 
in differential geometry by Gromov) of amplitude of a differential relation (see 
|Gro86] for more details). Thus, Theorems 12.41 and 12.61 can be summarized as 
follows. 

Theorem 2.10. IfW is p- ample then 



Jn 

Question 2.2. Prove (or disprove) that W is p-ample if and only if QW is of 
p-polynomial growth. 
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An analogue result of Theorem 12.61 was proved by Ben Belgacem (who is in fact 
the first that obtained an integral representation for / in the non- finite case). Let 
{KiW}^ be defined by K W := W and for each i £ N* and each F £ M rnxN , 

K i+1 W{F) := inf {(1 - *)ft»W(F - ta ® b) + tKiW(F + (1 - t)a ® b)}. 

beR m 

te[o,i] 

By Kohn and Strang (see [KS86j ) we have K l+1 W < TZiW for all i £ N and 
KW = inf i>olZiW, where KW denotes the rank-one convex envelope of W. The 
Ben Belgacem theorem can be stated as follows. 

Theorem 2.11 ( [BB961 [BBOO] ). Assume that: 

(BBi) O w ■= intj-F £ M mxN : Vi £ N ZKiW(F) < K l+1 W(F)} is dense in 

M rnxN. 

(BB 2 ) Vi £ N* VF £ M mxN V{F„}„ c O w 

F n ^F^ IZiW(F) > limsupft<W(F n ); 

♦ 3c> VF e M mxAr ftW(.F) < c(l + |F|p). 

Then 

V(f>£W 1 ' p (n;m m ) 7(0)= / GftW(V^(a:))da;. 

Jo 

Generally speaking, as rank-one convexity and quasiconvexity do not coincide, The- 
orem [51)] and Theorem 12.111 are not identical. However, we have 

Lemma 2.12. If either Z^W or ZW is finite then QKW = QW . 

Proof. If ZaoW (resp. ZW) is finite then Z^W (resp. ZW) is rank-one convex 
by Lemma [231(a). Consequently Z^W < 1ZW (resp. ZW < 1ZW) (and Theorem 
H7T1 below follows by applying Theorem Eg]). Thus, we have Z^W < 1ZW < W 
(resp. ZooW < KW < W), hence QZ^W < QKW < QW (resp. QZW < 
QKW < QW) and so QKW = QW since one always has QZ^W = QW (resp. 
QZW = QW). M 

Theorem 2.13. Assume that 3c> VF £ M mxN KW(F) < c(l + \F\*). Then: 

(i) if ZoqW is finite then 

V0 € W 1 ' p (fl;R m ) !{<t>)= I QW{V(t>[x))dx; 

Jo. 

(ii) if ZW is finite then 

V<t>£W 1 < p {n;W m ) 7{4>) =7 aff (0) = / QW{V<t>{x))dx. 

Question 2.3. Prove (or disprove) that i/(BBi) and (BB2) hold then ZW is finite. 

2.5. Application 1: "non-zero- Cross Product Constraint". Consider Wq : 
M 3x2 — > [0, +00] Borel measurable and p-coercive and the following condition 

(3) 3a, (3 > V£ = (6 I 6) € M 3x2 (|& A &| > a => W o (0 < /3(1 + 
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with £1 A 6 denoting the cross product of vectors 6>6 G R 3 - When Wo satisfies 
© it is compatible with the "non-zero-Cross Product Constraint", i.e., with the 
following two conditions: 

(A s f Wo(Zi I 6) - +™ 16 a 61 = 

[ ' 1 Wo(6 I 6) -> +^ as |6 A 61 -> 0. 

The interest of considering © comes from the 3d-2d problem (see §3): if W is 
compatible with the "strong-Determinant Constraint", i.e., ©, then Wo given by 
Wo(£) := inf^ gR 3 W(£ | C) is compatible with ((4]). One can establish the following 
lemma (whose proof is given in §2.8.2) which roughly means that the "non-zero 
Cross Product Constraint" is p-ample. 

Lemma 2.14 f |AHM07[|AHM08a| ). IfW satisfies © then ZW Q is of p -polynomial 
growth, i.e., 3c> V£ G M 3x2 ZW (Q < c(l + 

Applying Theorem I2.6f ii) we obtain 

Corollary 2.15. If W a satisfies © then 

W>g w l *(n-,R 3 ) 7(^)=7 aff (V0 = / QW (V1>(x))dx. 

2.6. Application 2: "weak-Determinant Constraint". The following condi- 
tion on W is compatible with "weak-Determinant Constraint", i.e., ©. 

(5) 3a, [3 > VF G M WxJV (|detF| > a =>> W(J?) < 0(1 + |F| P )) . 

One can prove the following lemma which roughly means that the "weak-Determinant 
Constraint" is p-ample (see also Lemma f2. 161 -bis below). 

Lemma 2.16 ( AHM08aJ). IfW satisfies © then ZW is of p -polynomial growth, 
i.e., 3c> VF G M NxN ZW(F) < c(l + \F\ P ). 

Applying Theorem I2.6f ii) we obtain 

Corollary 2.17. IfW satisfies © then 

V^e^njR*) 7(0) =7 aff (0) = / fiWW(a:))da:. 

Jo 

Proof (of a part of Corollary I2.17|) . Taking Theorem I2.13( i) into account, it 
suffices to verify the following two points: 

♦ © 3c> VF G M NxN KW(F) < c(l + |F|f); 

♦ © < +OO, 

which will give us the desired integral representation for /. The first point is 
essentially due to a lemma by Ben Belgacem: it is a direct consequence of Theorem 
13.181 (see Remark l3.19j) whose proof is given in §3.6.4. For the second point, it is 
obvious that Z QO W(F) < +00 for all F G M NxN with |detF| > a. On the other 
hand, we have 

Lemma 2.18 QDR04] . see also [CP98J ). For all F G U NxN , if \detF\ < a then 
there exists ip G Wq'°°(Y; R n ) such that \deb(F + V<p(x))\ = a a.e. in Y. 

Hence, if F G M Nx N is such that |detF| < a then Z 00 W(F) < J Y W(F+Vtp{x))dx 
with some ip € Wo'°°(Y;R N ) given by Lemma EHJ and so Z 00 W(F) < 2? 0(1 + 

\F\p + \\Vip\\ p LP )<+™. m 
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Remark 2.19. From the previous proof, we can isolate the following result. 

Lemma 12.161 -bis. If W satisfies ([5]) then Z^W is of p-polynomial growth, i.e., 
3c> VF € M NxN ZooWiF) < c(l + \F\p). 

2.7. From p-ample to non-p-ample case. Because of the following theorem, 
none of the theorems of this section can be directly used for dealing with Problem 
12.11 under the "stong-Detcrminant Constraint", i.e., ©. 

Theorem 2.20 ( |Fon88j ). IfW satisfies © then: 
(Fi) QW is rank- one convex; 

(F 2 ) QW{F) = +oo if and only if del F < and QW{F) +oo as detF ->■ 0+. 

The assertion (F 2 ) roughly says that the "strong-Determinant Constraint" is not p- 
ample, i.e., Z^W cannot be of p-polynomial growth, and so neither Theorem l2 .4l nor 
Theorem l2.6l is consistent with ©. From the assertion (Fx) we see that QW < 1ZW 
which shows that 1ZW cannot be of p-polynomial growth when combined with (F2). 
Hence, the theorem of Ben Belgaccm is not compatible with ([2]). 

Question 2.4. Develop strategies for passing from p-ample to non-p-ample case. 

2.8. Complementary proofs. 

2.8.1. Proof of Lemmas\K7\ and\EM It is sufficient to prove that if e Aff (fi; M m ) 
then 

(6) 7(0) < f Z^WiV^dx (resp. 7 aff (0) < f ZW{V<f){x))dx). 

By definition, there exists a finite family (Pi)ie/ of open disjoint subsets of fi such 
that |fi \ U ie iVi\ = and for every i G I, \dVi\ = and V<j>{x) = Fi in V, with 
Fi G M mxN . Given S > and i G I, we consider tp, G Wq'°°(Y; W n ) (resp. 
ifi G AS {Y;W n )) such that 

^ W(F t + V<pi(y))dy < Z 00 W(F i ) + — 

(resp. J W{F t + V<pi(y))dy < ZW{F t ) + p). 

Fix any integer n > 1. By the Vitali covering theorem, there exists a finite or 
countable family (a^j + ctijY)j£j i of disjoint subsets of VI, where dij G et 
< aij < i, such that |^ \ L>jeJi{ai,j + a i,j Y )\ = ( an d so ^ e j 4 = \Vi\). 
Define 0„ G VF ^°°(fi; R m ) (resp. G Aff (fi;R m )) by 

(x — a ■ ■ \ 
— si x G a,- j + a,, ,Y. 

Clearly, we have || 0„ || L =e (n . Rm) < i max ieJ ||^|| io =(y. K m) and ||V0 n || iO o(n ; M'" KJV ') ^ 
maxig/ || Vv?i||L°°(Y ; M m x N )> and so, up to a subsequence, </)„ — in W l o °(S~l; R m ), 
where "— s -" denotes the weak* convergence in Pt< rl ' 00 (fi;K m ). Hence </>„ — »■ in 
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W 1,p (fi;R m ). Consequently, up to a subsequence, 
over, we have 



/ 



-> in LP(fl;R m ). More- 
W{V<j){x)+V<t> n {x))dx = V / W(Fj + V&i(x))da; 



EE 



W(F + V^(y))dy 



Since 



i>n G ^^(OsM" 1 ) (resp. 
using |(7J) we deduce that 



€ Aff(n ; R m )) and 



I{<j>) < liminf / W{V(j)(x) + V(j) n (x))dx < V \V t \ZW(F,) + S 



iei 



(resp. / aff (0) < / ZW(Vcb(x))dx + 5), 
Jn 

and ([6]) follows by letting 5 — > 0. ■ 

2.8.2. Proof of Lemma \2.14\ We begin by proving that ZWq satisfies the following 
condition. 

(8) 3 7 >0V£eM 3x2 (min{|6 +61,16 -61} W (F) < -f(l + \F\P)) . 

Let £ = (6 | 6) G M 3x2 be such that min{|6 +61,16" 61} > a. Then, one of 
the three possibilities holds: 

(9) 16 A 61^0; 

(10) |6 A 61 =0avec6 ^ 0; 

(11) |6 A6I =0 avec6 7^0. 

Set D := {(xi,X2) G R 2 : x\ — 1 < X2 < x\ + 1 ct — x\ — 1 < X2 < 1 — xi} and 
define ip € AS (D;M) by 

—x\ + (x 2 + 1) si (xi,x 2 ) G Ai 
(1 — xi) — X2 si(xi,x 2 )eA 2 
aji + (l-x 2 ) si (xi,x 2 ) G A 3 
(xi + l)+a;2 si (xi, x 2 ) G A 4 



V>(a;i,X2) := 



with: 



Ax 
A 2 
A 3 
A 4 



= {(xi,x 2 ) G D : xi > et x 2 < 0} 
= {(xi,x 2 ) € D : xx > et x 2 > 0} 
= {(xi,x 2 ) G D : ii < et i 2 > 0} 
= {(xi,a; 2 ) e D : x x < et x 2 < 0} 



Consider ip € Affo(-D;K 3 ) given by 



si on a ([5]) 

<^(x) := ^(x)f avec I \ v \ = 1 et (6, v) =0 si on a (JTUJ) 



= 1 ct (6, v) = si on a (JTTJ> , 



10 



OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA 



where (•, •) denotes the scalar product in R 3 . Then 
£ + V<p(x) -- 



(6-^16 + f) si x G int(Ai) 

[£i — v\§2 — v) si x G int(A 2 ) 

(€i + v\&-v) si x G int(A 3 ) 

(6 + H 6 + ^ ) si x G int(A 4 ) 



with vat(E) denoting the interior of E. We need the following result. 

Lemma 2.21 (|Fon88j). For every bounded open set D C R 2 with \dD\ = and 
every £ G M 3x2 , 



(£ + Vif(x))dx : tp G AffoGD; R 3 ) 



Using Lemma T2.21I we deduce that 

(12) ZW (0 < ~(W (£i-v \& + v) + W (£i -v\&-v) 

+ w (6 + v | & - 1/) + w (6 + 1/ 16 + 1/)) . 
But |(6 - v) a (6 + ^)| 2 = 16 a 6 + (6 +6) a H 2 = 16 a 6 1 2 + 1(6+6) a H 2 > 

1(6+6) A vf, hence 

1(6 + f) a (6 - f)| > 1(6 + 6) a H = 16 + 61- 

Similarly, we obtain: 

1(6 -f) a (6-^)1 > 16-61; 
1(6 + v) a (6 -v)\ > 16 + 61; 
I (6 + ^) a (6 + v) | > 16-61- 

Thus 1(6-1/) A (6+^)1 >a, 1(6 -f) A (&-i/)| >a, |(6 + v) A (6 - v)| > a et 
1(6 + f) A (6 + v)\ > ot because min{|6 + 61, 16 ~ 61} > «• Using © it follows 
that 

W fa-v\b + v) < /3(1 + |(6-H6 + ^)I P ) 

< ^(i + |(6 |&)| p + |(-f Ml p ) 

< /32 2p+1 (l + M\ p ). 

In the same manner, we have: 

TU (6-H6-^)</32 2p+1 (i + |£| p ); 
MM6 + H 6 - ^) < /?2 2p+1 (i + |£l p ); 

Wb (6 + v I 6 + v) < f32 2p+1 (l + l£l P ), 
and from (IS) we conclude that ZW (£) < /32 2p+1 (l + |£| p ), which proves ©. 

We now prove that ZWq is of p-polynomial growth, i.e., 

(13) 3c> VF G M 3x2 ZWo(0 < c(l + |£| p ). 
Let £ = (6 | 6) S M 3x2 . Then, one of the four possibilities holds: 

(14) 16 A 61^0; 

(15) |6A6l = 0avec6=6 = 0; 

(16) |6A6| =0avec6 t^O; 

(17) |6A6l = 0avec6^0. 
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Define V € Aff (Y~; 

tp(x 1 ,x 2 ) 

with: 




si (xi,x 2 ) G Ai 
si (2:1,2:2) G A 2 
si (2:1,2:2) G A 3 
si (a;i, a; 2 ) G A 4 



Ai := {(xi,x 2 ) & Y : x 2 < xi < —x 2 + 1}; 
A 2 := {(xi,x 2 ) e Y : -X\ + 1 < x 2 < xi}; 
A 3 := {(2:1,2:2) € Y : -x 2 + 1 < xi < x 2 }; 
A4 := {(x\,x 2 ) € Y : xi < x 2 < —x\ + 1}. 

Consider ip G Aff (Y~;K 3 ) given by 



<p(x) := tj){x)u avec 

Then 



" = si on a d 

|z/| = a si on a (fT5|) 

|^| = a et (6, 1/) = si on a ([1 

\u\ = a et (6, = si on a (fT7|> . 



(616+1/) sixeint(Ai) 

(6 - ^ I 6) si x G int(A 2 ) 

(6 I 6 - size int(A 3 ) 

(6 + v I 6) size int(A 4 ). 

Using Lemma l^75T c) together with Lemma \2. 2 II we deduce that 

(18) ZWo(0 < \{ZW^ 1 \^ 2 +u)+ZW^ x -u\i 2 ) 

+ ZWoiti + zw (6 + 1/ 1 6)) • 

But |6 + (6 + v)\ 2 = 1(6 + 6) + H 2 = 16 + 6I 2 + M 2 = 16 + 6I 2 + a 2 > « 2 , 

hence |6 + (6 + v)\ > Similarly, we obtain |6 — (6 + v )\ > a , an d so 

min{|6 + (6 + v)\ t |6 - (6 + v)|} > a. 
In the same manner, we have: 

min{|(6 - y) + 61, 1(6 - */) - 61} > «; 

min{|6 + (6 - v)\, 16 - (6 - i/)|} > «; 
min{|(6 + i/) + 61, 1(6 + v) - 61} > a. 
As ZWq satisfies (j8]) it follows that 

ZW fa\b + v) < 7(1 + 1(6 16 +v)\ p ) 

< 7 2 p (i + |(6l6)l p + l(0k)n 

< max{l,a p } 7 2 p+1 (l + |e| p ). 

In the same manner, we obtain: 

ZW (£i - v | 6) < max{l,aP}72 p+1 (l + \t\ p )\ 
ZW {& | 6 - v) < max{l,aP} 7 2P +1 (l + |£| p ); 
ZWofa + v | 6) < max{l,aP} 7 2P +1 (l + |Cl p ), 
and from (TT81 we conclude that 2Wo(6 ^ max{l, a p }72 p+1 (l + |£| p ), which proves 

or 
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3. 3d-2d passage theorems with determinant type constraints 

3.1. Statement of the problem. Let W : M 3x3 — s- [0, +oo] be Borel measurable 
and p-coercive (with p > 1) and, for each e > 0, let I £ : W 1,p (E e ; R 3 ) — > [0, +oo] be 
defined by 

IM ■=- [ W(V<j>(x,x 3 ))dxdx 3 , 



where S £ := Sx] — f , |[c R 3 with £ C R 2 Lipschitz, open and bounded, and a 
point of Y> £ is denoted by (x,xs) with x <E E and £3 €] — |, §[. The problem of 
3d-2d passage is the following. 

Problem 3.1. Prove (or disprove) that 

W> e W^ P (£;R 3 ) (r(7r)- lim I e ) (V) - jf w^v^x))^, 



where the symbol il T(ir)- lim e _).o" stands for the T(n) -limit as e — > (see Definition 
13.11) . and /md a representation formula for W mem : M 3x2 — > [0, +00]. 

At the begining of the nineties, in |LDR93i ILDR95] Le Dret and Raoult answered 
to Problem 13. II in the case where W is "finite and without singularities" (see §3.3). 
Recently, in [AHM061 IAHM08bj we extended the Le Dret-Raoult theorem to the 
case where W is compatible with the "weak-Determinant constraint", i.e., (fT]), and 
the "strong-Determinant Constraint", i.e., ([2]). as Theorem 13.51 and Theorem 13.81 
(see §3.4 and §3.5). 

3.2. The r(7r)-convergence. The concept of r(7r)- convergence was introduced 
Anzellotti, Baldo and Percivale in order to deal with dimension reduction prob- 
lems in mechanics. Let n — {ft £ } £ be the family of L p -continuous maps tt £ : 
W 1,p (£ e ; R 3 ) -> W 1>p (£; R 3 ) defined by 

1 n 

TT £ ((j)) := - / (j)(-,X3)dx 3 . 

Ej -i 

Definition 3.1 f |ABP94] ). We say that {I £ } £ r(7r)-converge to I mcm as e goes to 
zero, and we write 

Un = r(7r)- lim 4, 

if and only if 

Vi/j G W 1,P (E; R 3 ) (r(Tr)-liminf I e ) (V) = ( T(tt)- hm sup I e ) (V>) = U(*) 
with L(7r)- lim inf I e , T(n)- lim sup I £ : VF 1,P (E;R 3 ) — > [0, +00] respectively given by: 

e -»° E-X) 

V(7r)-liminf 7 e ) (V>) := inf jliminf J e (0 e ) : tt £ (0 £ ) ^> v} ; 
L(7r)-limsup/ e ) (ip) := inf <^ limsupI E (0 E ) : k £ (4> £ ) ^> ^ >. 

Anzellotti, Baldo and Percivale proved that their concept of r(7r)- convergence is 
not far from that of T-convergence introduced by De Giorgi and Franzoni. For each 
e > 0, consider X £ : W 1 ^^; R 3 ) -> [0,+oo] defined by 



t ty) := inf {/ e (0) '^M =i>}- 
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Definition 3.2 ( |DGF75|lDG75] ). We say that {1 £ } £ F-converge to I mcm as e goes 
to zero, and we write 



/mem = T- lim T e , 
e->0 



if and only if 

G W^(£;R 3 ) (r-liminfX e ) (V>) = (VlimsupZ^ (t/j) = I mem &) 
with F- lim inf 1 £ , T- lim sup I e : W^ 1,P (E;R 3 ) — > [0,+oo] respectively given by: 



♦ F- lim inf I £ {ijj) := inf |liminf X e (tp £ ) : ijj £ t/>| ; 
4 r-limsupl e ('0) := inf < limsupl £ (^ e ) : tp e — > tp > 



The link between r(7r)- convergence and T-convergence is given by the following 
lemma. 

Lemma 3.3 ( ABP94 ). I mcm — r(7r)- lim I £ if and only if I mcm = T- liml e . 

e— >0 e— >0 

3.3. r(7r)-convergence of I £ : finite case. Let Wq : M 3x2 — > [0, +oo] be defined 

by 

W (0 := m£W({\Q. 



Theorem 3.4 ( |LDR93| IL"DR95j ) . IfW is continuous and 
3c> VF G M 3x3 < c(l + 

Vip G W^fEjR 3 ) r(7r)-lim/ £ (V) = / GWo(V^(s))<k;. 

Although the Le Dret-Raoult theorem is compatible neither with the "weak-Deter- 
minant Constraint" , i.e., (flj nor with the "strong Determinant Constraint" , i.e., ([2]), 
it established a suitable variational framework to deal with dimensional reduction 
problems: it is the point of departure of many works on the subject. 

3.4. r (-^-convergence of I £ : "weak-Determinant Constraint" . By using the 
Le Dret-Raoult theorem, i.e., Theorem I3.41 we can prove the following result. 

Theorem 3.5 ( |AHM06] L IfW satisfies ©, i.e., 

3a, /3 > VF G M 3x3 (|detF| > a => W(F) < 0(1 + \F\ P )), 

then 

G W^ P (E;R 3 ) r(7r)-lim J B (^)= / QW (Vip(x))dx. 

Proof. As the L(7r)-limit is stable by substituting I £ by its relaxed functional I £ , 
i.e., 1 £ : WbP(S e ;R 3 ) -> [0, +oo] given by 

[ jj> 

lJ<p) := inf <^ lim inf IJ<p n ) : </>„ -> 

I n— f+oo 



— inf | lim inf / WYV^OcfcccfeEa : 
e (^+00^ 
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it suffices to prove that 

(19) W> € W^^R 3 ) FM-lim I e (tp) = [ QW (Vijj(x))dx. 

As W satisfies ([5]) it is p-ample (see Definition I2.9[) . and so by Theorem 12.101 we 
have 

(20) Ve > V0 e M^ 1 ' p (E e ;R 3 ) 7 e (6) = - [ QW{\/<j){x,x 3 ))dxdx 3 

with QM^ = ZoqW (which is of p-polynomial growth and so continuous by Lemma 
I2.5f b)). Applying the Le Dret-Raoult theorem, i.e., Theorem 13.41 we deduce that 

V^> £ W^PfoM. 3 ) IYtt)- ]imlM) = { Q[QW) Q N^(x))dx 

with [QW]o : M 3x2 -> [0, +oo] given by 

[QW] (0 := inf QW(£ \ Q. 

CeR 3 

On the other hand, one can establish the following lemma (whose proof is given in 
§3.6.1). 

Lemma 3.6. Q[QW} = QW . 

Which gives (Q~9|) when combined with (|20|) . and the proof is complete. ■ 

Theorem l3.5l highlights the fact that the concept of p-amplitude has a "nice" behav- 
ior with respect to the T (^-convergence. More generally, let {tt £ } £ be a family of 
LP-continuous maps ir £ from W^ P (E £ ; K m ) to VF 1 ' p (E;R m ), where S e C K N (resp. 
£ C M fc with k e W) is a bounded open set, let {We} £ be an uniformly p-coercive 
family of measurable integrands W e : M mxAr — > [0, +oo] and, for each e > 0, let 
4, Q4 : M /1 ' p (S e ;M m ) -» [0,+oo] be respectively defined by 

♦ IM := f W e (V</)(x))dx; 

♦ 24(0) := / QW £ (Vq>(x))dx. 

The following theorem says that the r(7r)-limit is stable by substituting I £ by QI £ 
whenever every W £ is p-ample. 

Theorem 3.7. Assume that: 

♦ Ve > W £ is p-ample; 

♦ 3I Q : W 1,P (E; R m ) -> [0,+oo] r(7r)-lim QJ £ = / . 
TTien r(7r)- lim I £ = Iq. 

Proof. As every W £ is p-ample, from Theorem l2.10l we deduce that I £ = QI £ for all 
e > 0. On the other hand, as every tt £ is L p -continuous, it is easy to see that r(7r)- 
liminf e ^o4 = r(7r)-liminf £ _j.o 4 and r(7r)-limsup £ _ +0 4 = r(7r)-limsup e ^ I £ , 
and the theorem follows. ■ 
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3.5. r(7r)-convergence of I £ : "strong-Determinant Constraint". The fol- 
lowing theorem gives an answer to Problem 13. II in the framework of hyperelasticity 
(it is consistent with the "strong-Determinant Constraint", i.e., @) in the same 
spirit as the works of Ball (see |Bal77| ). Acerbi-Buttazzo-Percivale (see [A"BP91 ) 
and Friesecke-James-Miiller (see FJM02 ). It is the result of several works on the 
subject: mainly, the attempt of Percivale in 1991 (see |Per91j ). the rigorous an- 
swer to Problem 13.11 by Le Dret and Raoult in the p-polynomial growth case (see 
LDR93 , LDR95 ) and especially the substantial contributions of Ben Belgacem (see 
[EES51IBB5?1IBE0B) L 

Theorem 3.8 ( [AHM08b] ). Assume that: 

(21) W is continuous; 

(22) W{F) = +oo ^ dctF < 0; 

(23) V5 > 3c s > VF e M 3x3 (detF > 6 =4> W(F) < c s (l + \F\ P )). 
Then 

\ty G W 1,J> (E;R 3 ) T(n)-liml e m = [ QW (X7ip(x))dx. 



Proof. It is easy to see that if W satisfies (|2Tj), (J22J) and ([23]) then: 

(24) Wo is continuous; 

(25) W (0 = W{t | 6) = +oo |& A£ 2 | = 0; 

(26) Va > 3f3 a > V£ E M 3x2 (|6 A 61 > a W (0 < f3 a (l + 

In particular, Wo satisfies ((3|), i.e., 

3a,/3 > VC - (6 I 6) G M 3X2 (|6 A 61 > a => W„(0 < (3(1 + 

since clearly j26]) implies ©. Let Z, Z, Z d iff, : W^EjR 3 ) -> [0,+oo] be respec- 
tively defined by: 

♦ X(^) := / W (V^(a:))da:; 



♦ Z(V>) := inf <^ liminfl^n) : i/) n ^> tp >; 

I n— S- + OC I 

♦ Idiff.tyO := inf (liminfZ(^„) : Cl(^-R 3 ) 9 i\> n % A, 

I n— >-+oo | 

where C*(E;R 3 ) is the set of C 1 -immersions from E to R 3 , i.e., 

C^EjM 3 ) := e C^&R 3 ) : V.t € E A d 2 ^(z) 7^ o}. 

As Wo satisfies ((3]), by Corollary 12. 151 we have 

V^e^ p (E;l 3 ) £(V>)= / SWo(Vr/'(x))da;. 



On the other hand, we can establish the following two lemmas (whose the proofs 
are given in §3.6.2 and §3.6.3). 

Lemma 3.9 f [AHM08bj ). T < T-liminf I £ . 

Lemma 3.10 ( |AHM08b] ) . J/ (gH) , © and ^) hold then r-limsupl £ < l diSt . 
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Hence, taking Lemma 13.31 into account, it suffices to prove that 
(27) Tdiff, < T. 

Let us outline the proof of ([2"?} (a more detained proof is given in §3.6.5). Consider 
T affr <= E ,^2:,^Z,^T affr cg : VF 1 ' P (S;K 3 ) -> [0,+oo] respectively defined by: 



:= inf {l 
♦ TZl(tp) := { nWo(Vip(x))dx; 



♦ 2 affr s(V>) := inf liminf I(^„) : Aff| i cs (S; R ) 9 V„ ^ V 



♦ ftX(V>) := inf lliminf ^l(^n) : ^„ ^ vl; 

I n— > + oo J 

♦ ^X aft ^(V) := inf (liminf TZXN) n ) : Aff[f g (S;M 3 ) 9 V« ^ ^} , 

h I n— >+oc [ 

where Affjj° s (E; R 3 ) is a space of "nice" locally injective continuous piecewise afhne 
functions from E to R 3 defined as follows. 

Definition 3.11. By a regular mesh in R 2 we mean a finite family {Vi}i & i of open 
disjoint triangles of R 2 such that for every i,j £ I with i ^ j, the intersection of 
Vi and Vj is either empty, an edge of each or a vertices of each. Given an open set 
V C R 2 , we say that i/j : V — > R 3 is affine if it is the restriction to V of an affinc 
function from R 2 to R 3 . The space of all continuous functions ip : R 2 — > R 3 for 
which there exists a regular mesh {T^}ig/ in R 2 such that for every i £ I, tplvi is 
affine and -0 = in R 2 \ U ieI V l is denoted by Aff^ cg (R 2 ; R 3 ). We set: 

Aff rcg (E;R 3 ) := {v^s: i> G Aff^° s (R 2 ; R 3 )}; 

Aff^ cg (E;R 3 ) := {v G Aff rog (£;R 3 ) : if) = on <9e}. 

We say that ip : R 2 — > R 3 is locally injective in x £ R 2 if there exists p > such 
that V'L.b (x) is injective, where B p {x) denotes the ball centered at x with radius 
p. Given £cl 2 , when ip is locally injective in x for all x £ E, we say that is 
locally injective on E. We set 

Aff[f g (E;R 3 ) := Affc° g (R 2 ; R 3 ) 3 i> is locally injective on sj. 

As TvLZ < I, a way for proving (|2T[) is to establish the following three inequalities: 

(28) Idiff, < Za,K™ s ; 

(29) f afir <^Z affr ; 

(30) 7£J aff? s < HZ. 

The inequality ([28]) follows by using the fact that Wq satisfies (|24|) and (|26| together 
with the following theorem due to Ben Belgacem and Bennequin (for a proof, see 
[BB961 Lemme 8 p. 114]; see also |AHM09al §4.2 p. 52] for a "more analytic" 
proof). 

Theorem 3.12 ( |BB96j ). For dlip £ Aff[ i cg (S; R 3 ) there exists {ip n } n >i C Cj(E;R 3 ) 
such that: 

(31) i/) n W -^ P i>; 

(32) 36 > Vx £ E Vn > 1 |9iV»n(a:) A <9 2 ?/>„(:r)| > <5. 
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The inequality (|29|) is obtained by exploiting the Kohn-Strang representation of 
IZWo- (Note that for establishing this inequality we need the assertion ([25]) .) Fi- 
nally, we establish the inequality (|30[) by combining the following two results: the 
first one is essentially due to Ben Belgacem (a proo f is giv en in §3.6.4) and the 



second one to Gromov and Eliasberg (for a proof, see |GE7ll Theorem 1.3.4B]; see 
also |AHM09al §4.1 p. 44]). 



Lemma 3.13. If Wo satisfies (|26|) then: 

♦ 3c> V£ G M 3x2 TlWo(0 < c(l + 

♦ TZWq is continuous. 

Theorem 3.14 ( |GE7l] ). Aff[f s (E;R 3 ) is strongly dense in W 1 *^: 

Question 3.1. Try to simplify the proof of Theorem 13.81 as follows: first, approxi- 
mate W satisfying (|21l) . (|22[) and (|23[) or maybe weaker conditions compatible with 
the "strong-Determinant Constraint", i.e., ([2]), by a supremum of p- ample inte- 
grands Ws satisfying ([5]) with a,/3 > which can depend on S, then, apply Theorem 
13.51 to each Ws, and finally, pass to the limit as S goes to zero. 



3.6. Complementary proofs. 

3.6.1. Proof of Lemma \3.6[ It suffices to prove that 

(33) Z oa \Z 00 W\v = Z 00 Wv. 

Indeed, from Lemma 12.141 we deduce that ZWq is of p-polynomial growth, i.e., 
3c> 0V£ G M 3x2 ZW (0 < c(l + |£| p ), and so Zoo Wo is finite since Z^Wo < ZW . 
Hence, QWo — Z^Wo by Theorem I2.4f i). On the other hand, Z^W is of p- 
polynomial growth (see Lemma \2 . 16I bis) . and so QW — Z^W by Theorem 12. 4j i). 
It follows that [QlVjo = [ZoqWJo is finite and continuous, and so ©[QW^o = 
QXZ^W]^ = Z oo [Z oo W] by TheoremlJ] 

Let us now prove (|33|). For any £ G M 3x2 , Z^lZ^W^iO < [Z^W^iO < 
ZooW(£ | C) < W(£ I C) for all C G M 3 , and so Z^Z^W]^) < W (0 for all 
£ G M 3x2 , i.e., Z^Z^Wjo < ZooWq. It follows that Z^Z^W]^ < Z^Wq. It 
then remains to prove that 

(34) 2=o[2ooW]o > Z^Wo. 

Given S > et £ G M 3x2 , there exist £ G M 3 and ip G W 1,oo (F; M 3 ) (with Y := 
]0,1[ 3 ) such that 

[2ooW] (0 + 6 > J W(£ + V^ 3 (as) | C H- dMx, x 3 ))dxdx 3 

with <p Xs G Aff o (]0, 1[ 2 ;R 3 ) defined by <p X3 (x) '■= <p(x,x 3 ). But 

W(£ + Vtp X3 {x) \C + d 3 ip(x,x 3 ))dxdx 3 > [ f Wo{£ + V<p X3 {x))dxdx 3 

Y JO J]0,1[ 2 



> f Z 00 Wo(Odx 3 =Z 00 W (0, 
Jo 



hence [Z oo W] (0 + S > Z^Wo^), and consequently [2ool^o(f) > -£ooW (£) by 
letting 5^0. Thus [Z^Wjo > Z^Wq, and (JH]) follows. ■ 
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3.6.2. Proof of Lemma\EM Let ip € W^ P (T,;R 3 ) and let {ip e } e C W 1 * be 
such that ip £ — > tp in L P (E; R 3 ). We have to prove that 

(35) \\mixdTM e )>l{v). 

s— >0 

Without loss of generality we can assume that sup E>0 I e (ip E ) < +oo. To every e > 
there corresponds 4> e € tt~ (tp £ ) such that 

(36) :r e (V> e ) > I e (4> e ) - e. 

Defining <p e : Ei — > R 3 by <p e (x,x 3 ) :— (f> e (x,ex 3 ) (with Si = Ex] — i, i[) we have 

(37) I e {4>e) = J W ^5i^ e (x,x 3 ) | d 2 4> e (x,x 3 ) | ^-d 3 (j) E (x,x 3 )*J dxdx 3 . 

Using the coercivity of W, we deduce that ||c>3(/> e || £ p( Sl . R 3) < C£P for all e > 
and some c > 0, and so — "0e||Lp(Si;R 3 ) < C ' £P by the Poincare-Wirtinger 
inequality, where c' > is a constant which does not depend on e. It follows that 
<j> E -> V in L p (Ei;R 3 ). For x 3 G] - 5,5!, let € TU 1,P (E; R 3 ) be defined by 
<fiz 3 (x) := (f> e (x,x 3 ). Then (up to a subsequence) <^ 3 — > tp in L P (E;R 3 ) for a.e. 
.x 3 e] — 3, |[. Taking ([31)|) and ([3T|) into account and using the Fatou lemma, we 
obtain 

Hminf J e (^ £ ) > J[ ^limiof ^ W (V<p£ 3 (a;)) da;J dx 3 , 
and (l35l) follows. ■ 



3.6.3. Froo/ 0/ Lemma [123 Given ip G C^EjR 3 ) and j > 1, define : E=TR : 
by: 

A4(s) := |c G R 3 : det(V^(x) I > j} • 
It is easy to see that: 

(38) is a nonempty convex closed-valued semicontinuou^] multifunction; 

(39) A* (a) C A*(x) C A 3 (x) C • • • C .U A^z) = {(el 3 : det(V^) | C) > 0}. 

In the sequel, given A : Ez^R 3 we set 

C(S;A) := \j> G C(E;R 3 ) : cj>(x) G A(x) for all igsl 

where C(E;R 3 ) denotes the space of all continuous functions from E to R 3 . 
Lemma 3.15. Let ijj <G C*(E;R 3 ) and j > 1. IfWis continuous and satisfies ([23 



inf / PF(V^(a;) I <p(x))dx = / inf W(Vip{x) \ Qdx. 

To prove Lemma 13.151 we need the following interchange theorem of infimum and 
integral (for a proof, see |AHM03[ Corollary 5.4]; see also |AHM09a[ §5.2 p. 60]). 

Theorem 3.16 f |AHM03| ). Let A : E=TR 3 and let / : E x R 3 — > [0,+oo]. Assume 
that: 



A multifunction A : S — > R 3 is said to be lower semicontinuous if for every closed subset X 
of R 3 , every x £ £ and every {xn} n >l C £ such that |a: n — as| — > as n — > +00 and A(x n ) C X 
for all n > 1, we have A(x) C X (see [AF90] for more details). 
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(Hi) f is a Caratheodory integrand; 

(H2) A is a nonempty convex closed-valued lower semicontinuous multifunction; 

(H 3 ) J s max ae [ 01 ] /(x, aip(x) + (1 — a)(£>(x))d:r < +00. for all <f,<p£ C(S; A). 
Then, 



in|_ / f(x,ip(x))dx — / inf f(x,C,)dx. 

Proof of Lemma 13.151 Since W is continuous, (Hi) is satisfied with f(x,() = 
W{\/ip{x) I C)- Furthermore, taking (|38|) into account, we see that (H2) holds with 
A = A^,. On the other hand, given ip, <p £ C(E;A^), it is clear that det(V'0(a;) | 
a(p(x) + (1 — a)tp(x)) > i for all a G [0, 1] and all x E E. Using (|2Uf we can assert 
that there exists c > (depending only on j, tp, <p and <p) such that VK(V-0(j:) | 
aip(x) + (1 — a)ip(x)) < c for all a e [0, 1] and all 2; € E. Thus (H3) is satisfied 
with f(x, C) = W(S/ip(x) I C) an d A = A^, and Lemma \'S . 1 51 follows from Theorem 

EH ■ 

The following lemma gives a "non-integral" representation for X on Cl(E; K 3 ). 
Lemma 3.17. satisfies ^) and <(23]) and i/^ € C^EjR 3 ) i/ien 



Z(V0 = inf inf / W(Vip(x) \ ip(x))dx. 



Proof of Lemma 13.171 It suffices to prove that 
(40) X(ip) > inf inf / W{Vip{x) \ cp(x))da 



v ec(s ; A;) Js 
Using Lemma |3 . 1 5 1 we obtain 

(41) inf inf / W(Vip(x) | ip{x))dx < inf / inf W(Vip(x) \ ()dx. 

Consider the continuous function $ : E — > M 3 defined by 

(42) *(x) ■= WO A 3^0*0 

Then, det(VV'(a;) | = 1 for all x € E. Using (l23l) we deduce that there exists 

c > depending only on p such that 

inf I C)^ < c(|E| + ||VV.||i P(S;M 3x 2) + 

It follows that inf CeA i ( .) W(Vip(-) | C) € L^E). From (ESJ) and (ESJ), we see that 
{inf^g^ ^ W(Vtp(-) I C)}j>i is non-increasing and 

(43) inf inf W(Vip(x) I C) = W (Vip(x)) 



for all a; £ E, and (|40[) follows from (j4Tj) and (j43|) by using the Lebesgue monotone 
convergence theorem. ■ 

We can now prove Lemma 13.101 As T- lim sup e _j. X £ is lower semicontinuous with 
respect to the strong topology of L P (E;M 3 ), it is sufficient to prove that 

(44) lim sup le^) < Z(V0 
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(45) / W{Vip{x) | <p(x))dx < T(lp) 



for all tp G Ci(S;R 3 ). Given V G Ci(£;R 3 ), fix any j > 1 and any n > 1. Using 
Lemma \3. 171 we obtain the existence of <p 6 C(£;P^) such that 

1 

/; 

Let {<p k }k>i C C°°(S;R 3 ) be such that 

(46) (fk — > tp uniformly as k — > +oo. 
We claim that: 

(47) det(VV'(a;) | <^fc(x)) > for all x G £, all A; > fc^, and some fc^, > 1; 

(48) lim / W(Vi/j(x) \ <p k {x))dx = [ W{Vip(x) \ <p(x))dx. 

Indeed, setting ^ :— sup xeV \d\ip(x) A d 2 ip{x)\ = maxjgj |^i A £j, 2 | (m«/> > 0) an d 
using (|46]) , we deduce that there exists k^, > 1 such that 

(49) sup \(p k (x) - f{x)\ < — !— 

for all k > k^. Let a; € S and let k > k^. As <p G C(S; R) we have 

(50) det{Vtp(x) | (f k {x)) >-- det(V^(x) | <p k (x) - <p(x)). 

J 

Noticing that det(Vtp(x) \ tpk(x) — <fi{x)) < \diip(x) A c'a'i/'C^) 1 1 V^fe (a^) — f{x)\, from 
(|39]l and ((50j) we deduce that det(V^(x) | ^fc(x)) > and dS} is proved. Com- 
bining (gU) and ([231) we see that sup fc > fcvi W(VV>(0 \ tpk(-)) G As W is 
continuous we have limfc^ +oc W(V^(a;) | (fik{x)) = W(Vip(x) \ ip(x)) for all ieS, 
and (|48|) follows by the Lebesgue dominated convergence theorem. 
Fix any k > k$ et define the continuous function :] — 5, |[— > K by ^(^3) := 
inf^g^ det(V^'(x) + a?3V95fe(x) | ^fc(a;)). By (|47| we have 9(0) > jj and so there 
exists T]^ G]0, |[ such that #(£3) > jr for all £3 G] — r]^ , rj^l- Let <f> k : Si — > K be 
given by 0fe(x,X3) := ^(x) + X3< / 9/ c (x). From the above it follows that 

(51) det(V(/)k{x,ex 3 )) > -^ for all e G]0,?fy[ and all (x,x 3 ) G Ex] - 

As in the proof of (gSJ), combining (j5"Tj) et (I2U1) and using the continuity of W, we 
obtain 

(52) UmJe^fc) = lim / W(V<f>k(x,ex 3 ))dxdx 3 = I W{Vip{x) \ ip k {x))dx. 



Since ir E (4>k) = tp, Z £ (V0 _• Xf(<^fc) for all e > and all > Using (|52|) 
and (|4"S")) , we deduce that lim sup e _ >0 T s (ip) < T(ip) + —, and §M§ follows by letting 
n — > +00. ■ 

3.6.4. Proof of Lemma[MM In what follows N < m and given F G U mxN , < 
^i(-F) < • • • < vn(F) denote the singular values of F. Set 

N 

v(F) :=n^)- 

i=l 



RELAXATION AND 3D-2D PASSAGE THEOREMS IN HYPERELASTICITY 



21 



When N = 2 and m = 3, it easy to check that v{F) = \F\ A F%\ for all F = (F% \ 
Fz) € M 3x2 . Recalling that any finite rank-one convex function is continuous, we 
see that Lemma 13.131 is a direct consequence of the following theorem. 

Theorem 3.18. Assume that 

(53) 3a, > VF e M mxN (v(F) > a => W(F) < (3(1 + \F\ P ) . 

Then 1ZW is of p-polynomial growth, i.e., 

3c> VF G M mxN KW{F) < c(l + \F\ P ). 

Proof of theorem 13.181 Without loss of generality we can assume that a > 1. 
It is clear that 1ZW(F) < (3(1 + \F\p) for all F G M mxN such that v(F) > a. 
Consider then F £ M mxN such that v(F) < a. Let P € Q(m) be such that 

F = PJU, 

where U := VF T F and J = (Jy) G M mxAr with J J3 = if i ^ j and J u = 1, and 
let Q G SO (AT) be such that 

C/ = Q T diagK(F),--- ,«at(F))Q. 

Then: 

♦ F = PJQ T diag(v 1 {F),--- ,v N (F))Q; 

♦ |f| 2 = Ef = i^(^)- 

Since v(F) < a, there exists 1 < %\ < • • • < ij, < N with fc G {1, • • • , N} such that 
Vi 1 (F) < a,-- - ,Vi k (F) < a (and Vi(F) > a for all i ^ {ii,--- ,ik})- For every 
j € {!,■■■ , k}, let tj G]0, 1[ be such that (F) = (1 - tj)(-a) + tjOt. Then 

diag(i;i(F),--- ,v tl _(F),-. ,v N (F)) = (1 - ^diag^^F), • • ■ , -a, • • • ,MF)) 

+ <idiag(«i(F), • • • , a, • • • ,ujv(F)), 

and so F = (1 - t x )F{ + <iF+ with: 

♦ Ff :=FJQ T diag( W i(F),--- , -a, ■ ■ ■ ,v N (F))Q; 

♦ F+ :=PJQ T diag(v 1 {F),--- ^jv(F))Q; 

♦ rank(Ff -F+) = 1. 
Moreover, we have 

diag(«i(F),--- ,-£*,-•■ ,« i2 (F),--- ,Wjv(F)) = (1 - i 2 )diag(vi(F), • • • , -a, 
••• , -a, ••• ,t;jv(.F)) +t 2 diag(vi(F), • • • , -a, • • • , a, ••• ,v N (F)), 
hence Ff = (1 - t 2 )F^'~ + t 2 F^' + with: 

♦ F-'- :=FJQ T diag( Wl (F),--- ,v N {F))Q; 

♦ F 2 -'+ :=FJQ T diag(ui(F),-- - , -a, ■ ■ • , a, ■ ■ ■ ,v N {F))Q; 

♦ rank(F 2 ~ ~ - F 2 ~ + ) = 1. 

In the same manner, we obtain Ff = (1 — <2)F 2 f,_ + ^2F 2 +:+ with: 

♦ F 2 + '" :=FJQ T diag(wi(F),-- - , a, • • • , -a, • • • ,v N (F))Q; 

♦ F+' + :=FJQ T diag(wi(F),--- , a, • • • , a, • • • ,wjv(F))Q; 

♦ rank(F 2 + " - F+'+) = 1. 

We continue in this fashion obtaining a finite sequence {FjYj£{\... &} C M mxAr , 
where &j denotes the set of all maps a : {1, • • • ,j} — > { — , +}, with the following 
properties: 
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♦ F° — PJQ T dia.g(vi(F), ■ ■ ■ ,a(l)a,--- ,*(j)a,--> ,v N {F)); 

♦ if a{j) ^ o'(j) and a (I) = a' (I) for all / G {1, • • • , j - 1} then rank(F/ - 
Ff) = l- 

« if cr(l) ^ cr'(l) then F = (1 - *i)Ff + iiFf'; 

♦ if a'(j + 1) ^ + 1) and cr'(Z) = cr"(/) = ct(2) for all I € {1, ■ • • J}, then 
Ff = (1 - tj+i)^^! + tj + iFj +1 . 

It follows that: 

♦ if <r(l) ^ cx'(l) then KW(F) < KW(Ff) + TZW{F['); 

♦ if a'{j + 1) ^ cr"(j + 1) and ct'(Z) = a" (I) = a(l) for all I G {1, • • • , j}, then 

Hence 

< £ hw{fz). 

aee k 

Moreover, we have 

v(F£) = |det(diag(«i(F),-" ,o-(l)a,--- ,a(k)a,--- ,v N (F)))\ 
= a k [] Vi(F), 

- ih} 

and so v(F%) > a N > a for all a G &k- Using (|53|) we deduce that 

nw(F)< ]T m + \Fm- 

But 

I^TI 2 = |diag(ui(F),--- ,a(l)a,--- ,a(k)a,--- ,v N (F))\ 2 
= ka 2 + vf{F) <Na 2 + \F\ 2 , 

i<Z{h,--- ,ik} 

hence 

KW(F) < ^2 0(1 + 2%(N%a p + \F\ P )) < c(l + \F\ P ) 
cree k 

with c = 2 N 0(1 + 2% N%a p ), which is the desired conclusion. ■ 

Remark 3.19. When m = JV, it is easy to check that v(F) = |detF| for all 
F eM NxN . Consequently, if W satisifies ©, i.e., 

3a,(3 > OVF EM NxN (\detF\ >a^>W(F) <0(1+ \F\ P )) , 

then KW is of ^polynomial growth, i.e., 3c> VF G M ArxJV ZW^(F) < c(l+|F| p ). 

3.6.5. Proof of the inequality \2T^ . It suffices to prove the inequalities (l28l) . ([29]) 
and (|30|) . On the other hand, it clear that: 

♦ if 

(54) 5diffi«(V>)< / W (Vil>(x))dx for all V G Aff[ i og (S; M 3 ) 

then ((2U) holds; 
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♦ if 



(55) I As res(<tp) < ( TZW (Vip{x))dx for all i/> £ AffJ. ee (£;l 

11 is 



then (J22J holds; 
♦ if 

(56) 7Sr Aff rc E (V>) < / TZWo(Vi>{x))dx for all V G W 1,P (£;R 3 ) 



then pS]) holds. 
Hence, we only need to show (|5"1|) . ([55)1 and ([BUI) . 

Proof of (HU). Let V € Aff[f s (£; R 3 ). By Theorem [333 there exists {^«}n>i C 
C^(S;R 3 ) such that {31]) and j32|) holds and Vip n (x) -> Vip(x) a.e. in E. As W 
satisfies fj25|) . i.e., H^o is continuous, we have 

lim WofVipJx)) = W (Vip(x)) a.e. in E. 

n— >+oo 



Using (|26|) together with (|32[) we deduce that there exists c > such that for every 
n > 1 and every measurable set icS, 

IU (W> n (:r))efa; < c(\A\ + J \Vip n (x) - \7i/j(x)\ p dx + J \Vi>{x)\ p dx 

But Vtp n -» in LP(E;M 3x2 ) by |3l]), hence {Wo(W> n (-))}„>i is absolutely 
uniformly integrable. Using the Vitali theorem, we obtain 



and (Ull) follows. 



lim / W Nil>Jx))dx = / W {Vip{x))dx, 

n— >-\-oo 



Proof of ([56]). Let ijj G W 1,P (Y,; R 3 ). By Theorem E33 there exists {-0n}n>i C 
Aff[f g (E;R 3 ) such that Vip n -> V^> in L P (£;R 3 ) and Vip n {x) -> W(a:) a.e. in E. 
Taking Lemma 13.131 into account, from the Vitali theorem, we deduce that 



lim / 1lW Nil>Jx))dx = / 1lW Nil>(x))dx, 

n— >+oo 



and (l56l) follows. 



Proof of (|55p . We begin with some preliminaries: mainly, we state five lemmas. 
The proof of the first lemma (which is due to Kohn and Strang) will be omitted 
while the four others lemma will be proved below. Define the sequence {7^Wo}i>o 
by IZqWq = Wq and for every i > 1 and every £ € M 3x2 , 

n i+1 W (O ■■= inf {(l-t)n i W (Z-ta®b)+tTl i Wo(t+(l-t)a®b)}. 

aGR N 
t£[0,l] 

Lemma 3.20 ( |KS86j ). TZ l+1 W < TZiWa for all i > and TZW = mfi> Q HiW . 

Fix any i > and any ip £ Aff[ i cg (E; R 3 ). Then, there exists a finite family {Vj}j & j 
of open disjoint subsets of E such that |E \ Uj- e jVj \ — for all j £ J and for every 
j £ J, \dVj\ = and Vip(x) = in Vj with £j G M 3x2 . As t/> is locally injective 
we have rang(^ ) = 2 for all j £ J. Fix any j £ J. 

Lemma 3.21. IZiWo is continuous. 
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Lemma 3.22. There exist a E R 2 , b E M 3 and t E [0, 1] such that 

n i+1 W {^) = (1 - t)HiW (£j - ta ® b) + tUiWo(^ + (1 - t)a <8> b) 



with a®b E 



C 



!x2 



given by (a ® b)x :— (a, x)b for all x E M 2 , where (•, •) 
denotes the scalar product in M 2 . 

Without loss of generality we can assume that a = (1,0). For every n > 1 and 
for every k E {0, ■ ■ ■ , n — 1}, consider A^, A+ n , B fc>n , B£„, Bj£ n) Cfc,„, C£ n , 
C y given by: 

i < xi < * + M* and i < x 2 < 1 - i j: 
+ M* < Xj < and i < x 2 < 1 - ±); 







(xi,x 2 ) E Y 


A + 




(xi,x 2 ) E Y 


Bk,n 




(xi,x 2 ) E Y 


B k,n 




'{xi,x 2 ) E Y 


Kn 




\xi,x 2 ) E Y 


Ck,n 




(xi,x 2 ) E Y 


C k.n 




(x 1 ,x 2 ) E Y 


X 2 < 







:< Sl <*±l aild 0< a ; 2 <-i 1 + Mi} ; 

-x 2 + Mi < Xl < -tx 2 + Mi and < x 2 < I}; 



—tx 2 



^<^i<¥and0<x 2 <i}; 



* < zi < Mi an d ^ + i _ khi < ^ < i) ; 

n — 1 — n 1 n — z — J ' 

(x 1; x 2 ) eF:i 2 -l + ¥<ii< t(s 2 - 1) + *±I and 2=1 < 



CL == {(^1^2) G Y : i(x 2 - 1) + Mi < Xl < Mi an d 2=1 < x 2 < 1} , 



and define {cr„}„>i C Aff[, os (y; R) by 



0Vi(xi,x 2 ) := < 



(l-^^-Mi) 

-i(xi+x 2 -Mi) 
-t(a:i - ar 2 + 1 - Mi) 




if (xi,x 2 ) e A fei „ 

if (x u x 2 )EA+ n UB+ n UC+ r , 

if (xi,x 2 ) G B k n 

if (3:1,0:2) G C£ n 

if (0:1,0:2) G Bfe,„ U C k .n- 



Set 



b + \v if & G Irn^j- 
where Z > 1 and ^ G 



(with Im^j := • 0: : x G K 2 } C 

Lemma 3.23. De/Zne {(9„ i; }„ i; >i C Aff^y; M 3 ) by 

6 n ,i(x) := cr n (x)bi. 

Then 



is a normal vector to 



(57) 



lim lim 

l— y+00 n— > + oo 



KiWofe + V6 n r{x))dx = Ki+iWofo). 



Consider Vj C Vj given by Vj ' := {x G Vj : dist(x, dVj) > i} with q > 1 large 
enough. Then, there exists a finite family {r m + p m Y} m eM of disjoint subsets of 



V-> with r n 



E R 2 and p m G]0, 1[, such that \VJ \ U meM (r m + p m Y)\ < i. 



Let {0 n ,i,J n ,i,,>i C Aff r eg (V j; R 3 ) be given by 

<Pn,l,q{x) := 





si x G r m + p m F C 
sixe Vj\Vf 
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Lemma 3.24. Define {& nM }n,L q C Aff reg (V,-;R 3 ) by 
(58) & nM (x);=TP(x)+ct> nM (x). 
Then: 

(i) for every n,l,q > 1, $^ ; is locally injective; 

(ii) /or every Z, g > 1, $^ ; -> -0 L p (Vj; M 3 ); 

(iii) lim g ^ +00 lim^ +oc lim„^ +oc / y 7^W (V^ ; i? (a;))da; = |V^|7^ + iW (Cj)- 

We can now prove ([55)1 . According to Lemma 13.201 it is sufficient to show that 

(Pi) ^Aff'^W < / ftiW (V^(:r))(fo for all tp £ Affj'° s (E; R 3 ) 

for alH > 0. The proof is by induction on i. As RqWq = Wo it is clear that (Pq) is 
true. Assume that (Pi) is true, and prove that (-Pj+i) is true. Let £ Aff[j Cg (I]; M 3 ). 
Then, there exists a finite family {Vj}jgj of open disjoint subsets of £ such that 
|S \ U jeJ Vj\ = for all j £ J and for every j £ J, \dVj\ = and Vtp(x) = in Vj 
with & € M 3x2 . Define {V n ,i, q } n ,i, q >i C Aff rcg (£; R 3 ) by 

V n ,i, q (x) : $i iIig (a;) if z e l' ; 

with $^ [ given by (fB"5f . Taking Lemma I3.24f i) into account (and recalling that 
rappelant ip is locally injective) it is easy to see that ^ n ,i, q is locally injective. Using 
(Pi) we can assert that 



ZAfiS"(*T.,i, 9 )< J KiWo(y* n ,i, q (x))dx 

for all n, l,q > 1. By Lemma r3.24lf ii) it is clear that for every I, q > 1, & n ,l, q ~^ 4' 
in i p (E; M 3 ). It follows that 

2jufi!"W< lim Ja^M < I™ KiW (Vy nM (x))dx 

for all > 1. Moreover, from Lemma f3.24f iii) we see that 

lim lim lim / ftiWo(V#„, i q {x))dx = / K t+ iW (V?p(x))dx. 

gr-^+oo I— >.+oo n— >+oo J s J s 

Hence 

^Aff^WO < J n i+1 W (Vr/>(x))dx, 
and (Pj+i) follows. This completes the proof of the assertion (|55)l . ■ 
In what follows, we give the proof of Lemmas 13.231 I3~2"4l 13.211 and 13.221 
Proof of Lemma 13.231 Recalling that a = (1,0) we see that 

' ~ta®bi if x£ mt(A~J 

+ (1 - t)a ® 6, if .t € int(A+;„ U B+ U C+ ) 



&+V0„,i(aO := ^ 



£j - t(a + a ± ) (g) bi if a; € int(S fe , 



^ - t(a - a x ) <g> 6; if x € int (C£J 
, C? if x e int(B fc! „) U int(C fci „) 

with a 1 - = (0, 1) (and int(_E) denotes the interior of the set E). Moreover, we have: 
/ KiWofa - ta®h)dx = (1 - t)(l - D^Wofe - ta®bi)- 
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/ KiWofa + (1 - t)a ® k)dx = 4(1 - £)ftiWb(6 + (1 - t)a®h)] 

KiWoiij + (1 - i)a ® &i)<£b = £ftiW (& + (1 - i)o ® 6;); 



7Wo(£j ~ *(o + a X ) ® 6j)da! = fe^Wo(& - t(a + a- 1 ) ® 6;); 



^VK (0 - *(o - a^) ® 6|)dac = ^WiWofe - *(a - or 1 ) ® 6j); 



Hence 

ftiWo(& + V0„,j(a:))da: 



(1 - t)HiWo(tj -ta®h) + fRiWofe 



+ (l-t)a®6/) +- tftiWo(£,- + (l-*)ffl®&i) 
J n L 



t(a - a" 1 ) ® 6j)) +^W fe) 



for all n, I > 1. It follows that 



lim / ftiWo(&+V0„ 1 j(a:))da; = (1 - *)ftiW (£i - to ® 6,) 

+ iT^Wofe + (l-t)o®6i) 

for all I > 1. Taking Lemma f3 . 2 1 1 into account and noticing that bi —> b, we deduce 
that 



lim lim 

(— >+oo n— > + oo jy 



[ HiWo(& + V8 n ,i(x))dx = (l-t)KiWo(ej-ta®b) 
' Jy 

+ tRiW (& + (l-t)a<&b), 

and (|57|) follows by using Lemma 13.221 ■ 

Proof of Lemma 13.241 (i) Let x E Vj and let W C Vj be the connected compo- 
nent of V, such that x & W (As V, is open, so is W). Since V?/> = £j in W, there 
exists c € R 3 such that ip(x') = <y • x' + c for all x' <EW. We claim that $^ z |_w is 

injective. Indeed, let a;' € be such that <fr 3 n l (x) = $^ ; „{x'). Then, one of the 
three possibilities holds: 



(59) 

(60) 
(61) 



= tj ■ X + C + Pm O n (^) k 
&n,l,g( x ) =£j-X + C+ p m a n ( Z =^») &i 



Setting a := p m Vn{^rf-) - p m >v n { x r f ) and j3 := p m cr„( £ -^ L ) we have: 
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, £j(x' — x) = if a = . rp^, . . „ . 
♦ < , i y. , , \ . r , „ when (1591) is satisfied; 
h = ^t,j(x - x) lfa^O 



♦ <, J \t- i i \ -ro/ n when (l60l) is satisfied 



£ j (x'-x)=Q if /3 = 

♦ — x) =0 when (RTTj) is satisfied. 

It follows that if x ^ x' then either rank(^ ) < 2 or 6; 6 I m £j which is impossible. 
Hence x = x' . 

(ii) Given l,q > 1, we have ||</> rMi9 || i oo(y.. R 3 ) < \\0 ny i\\ L ^( Y -R3) = \bi\\\a n \\L°>>(Y;VL)- 
On the other hand, for every k £ {0, • • • , n— 1}, it is clear that |cr„(a;)| < Q for 
all x €]|, ^[x]0, 1[, and so cr„ -> in R). Hence ^ in L°°(V/; 
and (ii) follows. 

(iii) Recalling that 4>n,l,q = in Vj \ Vj and J2 m eM P™ = \^g\ we see tnat 



Vi 



lliWo{V& nM (x))dx = I niW {^+V<l) nM {x))dx 

KiWoitj + V4> nM {x))dx + \Vj \ V^TZiWo^j) 



= \V>\ J^lliWoiZj +V0 n!l (x))dx + \v j \v->\n i w (t j ). 

Using Lemma T3. 231 we deduce that 

lim lim / KiW (V& n l q (x))dx = \V^TZ l+1 W ^) + \V 3 \ V^W^) 

for all q > 1, and (iii) follows since \Vj\ = \Vj\ - \Vj \ Vj\ -> \Vj\ (because 
\Vi\ -> l^-l and i > \ K/| -> 0) and |VJ \ Vj\ = \V S \ V*\ + \V* \ V>\ -> 
(because |V, \ V*\ ->• 0). ■ 

Proof of Lemmas 13.211 and 13.221 We begin by proving three lemmas. 
Lemma 3.25. R 2 ® R 3 is dosed m M 3x2 . 

Proof of Lemma HHH Let {a n ® &„} n > a cl 2 ®! 3 and let £ e M 3x2 be such 
that a ra (8) 6„ — > £. For every n > 1, a n ® b n — u n ® v n with « n = -S^j £ SS 1 
and v n = |a n |6 n , where SiS* 1 is the unit sphere in R 2 . As SS 1 is compact, there 
exists u £ SS 1 such that (up to a subsequence) u n — >• u. Let uo € R 2 be such that 
(u, uq) 7^ 0. Then, (u„, Mo) 7^ for all n > no with no > 1 large enough. For every 
n > no, v n = j^~^{u n ® v n )u a , and so v n -> j^j£,u ='■ v £ R 3 . It follows that 
a n <£) b n u <£) v . Hence £ = u ® u. ■ 

Let % : M 3x2 -> [0, +00] be defined by 

:= inf t, a ® 6) : (t,a® b) £ [0,1] x R 2 ®R 3 |, 

where H : M 3x2 x [0, 1] x R 2 ® R 3 -> [0, +00] is given by 

H(£, t,a(g>b) := (1 - t)h(£ -ta(g>b)+ th(£ + (1 - t)a (g> b) 
with /i : M 3x2 — > [0, +00] continuous and coercive. 

Lemma 3.26. Given £ £ M 3x2 , if H(£) < +00 then there exists (t,a®b) £ 
[0,1] x R 2 <K>R 3 such thatH{£) = H(£,t, a O b). 
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Proof of Lemma 13.261 Let {(t n , a n <8> b n )} n >i C [0,1] xR 2 <g)R 3 be a minimizing 
sequence for H(£) such that t n — > t € [0, 1]. Set F n := £ — t n a n ® 6„ et G„ := 
£+ (1 - i«)a« ® K- Then (1 - i„)F„ + t n G n = £ et G„ - F„ = a„ ® 6„ for all n > 1. 
By the coercivity of h we have 

(62) (1 - t n )\F n \ p + t n \G n \ p < c for all n > 1 and some c> 0. 

One of the two possibilities holds: 

♦ te]o,i[; 

♦ either i = or t = 1. 

Case w/iere t €]0, 1[. It is clear that 1 — t n > ai > et t n > cti > for all 
n > 1. Using (|62|) we deduce that there exists F, G e M 3x2 such that (up to a 
subsequence) F„ — » F and G n — > G. Consequently, G n — F n = a n ® 6„ — > G — F '. 
But, from Lemma [3211 R 2 ® R 3 is closed in M 3x2 , and so G - F e R 2 ® R 3 , i.e., 
G - F = a ® 6 with a e R 2 et 6 e R 3 . As •, •) is continuous, it follows that 

ft(f)= lim H(£,t n ,a n ® b n ) = H(£,t,a®b). 

Case where either t — or i = 1 . Assume that i = (the case i = 1 can be treated 
in the same way). Then 1 — t n > a > for all n > 1. As p > 1 and i„ — > 0, using 
([62]) we deduce that there exists F e M 3x2 such that F n -> F and t n G n -> 0. As 
(1 — t n )F n + t n G n = £ for all n > 1, it follows that F = £. Hence 

lim (1 - t„)h(F n ) = /i(0 

n— f+oo 

since ft, is continuous. But t n h(G n ) = H(£, t n , a n ® 6„) — (1 — t n )h(F n ) for all n > 1 
and < ft(£); hence 

lim t n h{G n ) = H(0 - h{® < 0. 

n— H-oc 

On the other hand, using the coercivity of h, we see that t n h(G n ) > Ci ra |G n | p for 
all n > 1 and some G > 0. Then 

lim t n h(G n )>C lim t n \G n \ p = 0, 

n— ^+oc n— v+oo 

and consequently 

lim t n h(G n )=Q. 

n— >-\-oo 

Thus = h(0 = H(£, 0, a ® o), where a ® 6 is any element of R 2 ® R 3 . ■ 
Lemma 3.27. % is continuous and coercive. 

Proof of Lemma 13.271 We first prove that W is continuous. Since H(-,t,a®b) is 
continuous for all (t, a (gib) € [0,l]xR 2 ®l 3 ,?{ is upper semicontinuous. Thus, we 
are reduced to show that H is lower semicontinuous. To do this, consider £ 6 M 3x2 
and {£„}„>i C M 3x2 such that: 

♦ £n -> £; 

♦ sup„> 1 'H(C„) < +oo; 

♦ linin^+oo = liminf^+oo %(£„), 

and prove that 

W(0< lim 

By Lemma 13.261 for every n > 1, there exists (t n ,a n <g> o„) e [0,1] xl 2 ®! 3 
such that W.(£n) = H(£„,t n ,a n <S) b n ). Without loss of generality we can assume 
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that t n — > t 6 [0,1]. From the coercivity of h, we deduce that (j62|) holds with 
and G n := £ n + (1 — t n )a n <E> 6„. As in the proof of Lemma 
13.261 we consider two cases. 

Case where t G]0, 1[. Using the same arguments as in the proof of Lemma 13.261 we 
obtain G n — F n = a n <E> b n — > a <£> 6 with n€l 2 and 6 £ K 3 . Hence 

lim W(£„) = Urn H(£ n ,t n ,a n ®b n ) = H(£,t,a®b) >U(0 

n— >+oo n— >+oo 

since if is continuous. 

Case where either t = or t = 1 . Assume that t = 1 (the case t = can be treated 
in the same way). Then t n > f3 > for all n > 1. As p > 1 and t n — > 1, by ([52")) we 
have G n -> G with G G M 3x2 and (1 - t n )F n -> 0. As (1 - t n )F n + t n G n = £ n for 
all n > 1. Hence 

G = lim (1 - t n )F n + t n G n = lim £ n = £, 
n— >+oo n— >+oo 



and consequently 



lim t„h(G n )=h{Q 

n— >+oo 



since /i is continuous. But (1 — t n )h(F n ) = H(£ n ,t n , a n (g> 6„) — t n h(G n ) for all 
n > 1, hence 

lim (1 - tnJ/iCFn) = lim - < 

because lim„_> +00 H(£ n ) < M£) since H(£, n ) < h(£ n ) pour tout n > 1. On the other 
hand, using the coercivity of h, we see that (1 — t n )h(F n ) > G(l — t n )\F n \ p for all 
n > 1 with G > 0. Hence 

lim (1 - t„)/i(F„) > C lim (l-t n )\F n \P = 0. 

n—>-\-oo n—^-\-oo 

Thus lim 7l _ >+00 (l — t n )h(F n ) = 0, and consequently 

lim = > «(0- 



We prove now that is coercive. By the coercivity of h we have 

> Cmf{(l-t)\£,-ta®b\ p + t\£, + (l-t)a®b\ p : [t,a®b) £ [0, l]xR 2 ® M. 3 } 
for all £ € M 3x2 and some G > 0. But 

(l-t)|£-ia®6| p + i|£+(l-t)a®6| p > |(1 - ta<8)6) + (1 - 6) T = l£| p , 
and so > G|£| p for all £ G M 3x2 . ■ 

We can now prove Lemmas l3.21l and l3.22l As W is continuous and coercive, it is easy 
to see that Wo = IZqWq is also continuous and coercive. Moreover, using Lemma 
I3.27l with h — 1Z q Wo, we see that if 1Z q Wo is continuous and coercive, so is H q +i Wo- 
Hence, TZ q Wo is continuous and coercive for all q > 0, which proves Lemma [3. 2 II 
As rank(^j) = 2, by ([25| we have Wo(£j) < +°o. Hence, T^+iWoCCj) < +oo since 
K t+ iWo < Wq, and Lemma [3.221 follows by using Lemma [3.261 with h — 72,- Wo- ■ 



30 

[ABP91] 
[ABP94] 

[AF90] 

[AHM03] 

[AHM06] 

[AHM07] 

[AHM08a] 
[AHM08b] 

[AHM09a] 

[AHM09b] 

[Bal77] 

[BB96] 

[BB97] 

[BB00] 

[CP98] 

[Dac82] 

[DG75] 

[DGF75] 
[DR04] 

[FJM02] 

[Fon88] 
[GE71] 

[Gro86] 



OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA 



References 

Emilio Acerbi, Giuseppe Buttazzo, and Danilo Percivale. A variational definition of 
the strain energy for an elastic string. J. Elasticity, 25(2): 137-148, 1991. 
G. Anzellotti, S. Baldo, and D. Percivale. Dimension reduction in variational problems, 
asymptotic development in T-convergence and thin structures in elasticity. Asymptotic 
Anal, 9(1):61-100, 1994. 

Jean-Pierre Aubin and Helene Frankowska. Set-valued analysis, volume 2 of Systems 
& Control: Foundations & Applications. Birkhauser Boston Inc., Boston, MA, 1990. 
Omar Anza Hafsa and Jean-Philippe Mandallena. Interchange of infimum and integral. 
Calc. Var. Partial Differential Equations, 18(4):433-449, 2003. 

Omar Anza Hafsa and Jean-Philippe Mandallena. The nonlinear membrane energy: 
variational derivation under the constraint "detVii 7^ 0". J. Math. Pures Appl. (9), 
86(2):100-115, 2006. 

Omar Anza Hafsa and Jean-Philippe Mandallena. Relaxation of variational problems 
in two-dimensional nonlinear elasticity. Ann. Mat. Pura Appl. (4), 186(1): 187— 198, 
2007. 

Omar Anza Hafsa and Jean-Philippe Mandallena. Relaxation theorems in nonlinear 
elasticity. Ann. Inst. H. Poincare Anal. Non Lineaire, 25(1):135-148, 2008. 
Omar Anza Hafsa and Jean-Philippe Mandallena. The nonlinear membrane energy: 
variational derivation under the constraint "dctVu > 0". Bull. Sci. Math., 132(4):272- 
291, 2008. 

Omar Anza Hafsa and Jean-Philippe Mandallena. Relaxation et passage 3d-2d avec 
contraintes de type determinant. ArXiv:math.AP/0901.3688, 2009. 
Omar Anza Hafsa and Jean-Philippe Mandallena. Relaxation and 3d-2d passage 3d-2d 
with determinant type constraints: an outline. ArXiv:math.AP/0906.5262, 2009. 
John M. Ball. Convexity conditions and existence theorems in nonlinear elasticity. 
Arch. Rational Mech. Anal, 63(4):337-403, 1976/77. 

Hafcdh Ben Belgacem. Modelisation de structures minces en elasticite non lineaire. 
PhD thesis, Universite Pierre et Marie Curie, 1996. 

Hafcdh Ben Belgacom. Unc mcthodc de T-convergence pour un modele de membrane 
non lineaire. C. R. Acad. Sci. Paris Sir. I Math., 324(7):845-849, 1997. 
Hafcdh Ben Belgacem. Relaxation of singular functionals defined on Sobolev spaces. 
ESAIM Control Optim. Calc. Var., 5:71-85 (electronic), 2000. 

Pietro Celada and Stefania Perrotta. Functions with prescribed singular values of the 
gradient. NoDEA Nonlinear Differential Equations Appl, 5(3):383-396, 1998. 
B. Dacorogna. Quasiconvexity and relaxation of nonconvex problems in the calculus 
of variations. J. Fund. Anal, 46(1):102-118, 1982. 

Ennio De Giorgi. Sulla convcrgenza di alcune successioni d'integrali del tipo dell'area. 
Rend. Mat. (6), 8:277-294, 1975. Collection of articles dedicated to Mauro Picone on 
the occasion of his ninetieth birthday. 

Ennio De Giorgi and Tullio Franzoni. Su un tipo di convergenza variazionale. Atti 
Accad. Naz. Lincei Rend. CI. Sci. Fis. Mat. Natur. (8), 58(6):842-850, 1975. 
Bernard Dacorogna and Ana Margarida Ribeiro. Existence of solutions for some im- 
plicit partial differential equations and applications to variational integrals involving 
quasi-affine functions. Proc. Roy. Soc. Edinburgh Sect. A, 134(5):907-921, 2004. 
Gcro Friesecke, Richard D. James, and Stefan Miillcr. A theorem on geometric rigidity 
and the derivation of nonlinear plate theory from three-dimensional elasticity. Comm. 
Pure Appl. Math., 55(11):1461-1506, 2002. 

Irene Fonseca. The lower quasiconvex envelope of the stored energy function for an 
elastic crystal. J. Math. Pures Appl. (9), 67(2):175-195, 1988. 

M. L. Gromov and Ja. M. Eliasberg. Construction of nonsingular isopcrimctric films. 
Trudy Mat. Inst. Steklov., 116:18-33, 235, (Translated in Proc. Steklov Inst. Math. 
116 (1971) 13-28), 1971. 

Mikhael Gromov. Partial differential relations, volume 9 of Ergebnisse der Mathematik 
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springcr- 
Verlag, Berlin, 1986. 



RELAXATION AND 3D-2D PASSAGE THEOREMS IN HYPERELASTICITY 



31 



[KS86] Robert V. Kohn and Gilbert Strang. Optimal design and relaxation of variational 

problems. II. Comm. Pure Appl. Math., 39(2):139-182, 1986. 
[LDR93] Herve Le Dret and Annie Raoult. Le modele de membrane non lineaire comme limite 

variationncllc de l'clasticite non lineaire tridimcnsionnclle. C. R. Acad. Set. Paris Ser. 

I Math., 317(2):221-226, 1993. 
[LDR95] Herve Le Dret and Annie Raoult. The nonlinear membrane model as variational limit 

of nonlinear three-dimensional elasticity. J. Math. Pures Appl. (9), 74(6):549-578, 

1995. 

[Pcr91] Danilo Percivale. The variational method for tensile structures. Preprint 16, Diparti- 
mento di Matcmatica Politccnico di Torino, 1991. 

UNIVERSITE MONTPELLIER II, UMR-CNRS 5508, LMGC, Place Eugene Bataillon, 

34095 MONTPELLIER, FRANCE. 

E-mail address: 0mar.Anza-Hafsa@univ-montp2.fr 

Laboratoire MIPA (Mathematiques, Informatique, Physique et Applications) 
UNIVERSITE DE NIMES, Site des Carmes, Place Gabriel Peri, 30021 Nimes, France. 
E-mail address: jean-philippe.mandallena@unimes.fr 



